INTRODUCTION
Shape Memory Alloys (SMA) belong to the group of materials known as smart materials, which basic characteristic is a possibility of controlled change of properties by application of proper stimulus. In the recent decades the significant growth of the interest in smart materials could be observed. In accordance to Mohd Jani et al. [1] The application of SMA in the field of civil engineering is a result of striving for better natural disaster resilience and demand for high performance of modern structures, as well as safety and adjustment to actual requirements for adaptations of historical buildings [3] . Those can be achieved due to unique characteristics of SMA such as shape memory effects and superelasticity. One-way shape memory effect is a possibility of recovery from the deformed shape once the external force is removed and material is heated. Two-way shape memory effect, in addition to one-way shape memory effect, is a possibility of remembering shape in both high and low temperature. Superelasticity is an ability to return from a relatively high strains to original shape upon a load removal [1] . From the point of view of application of SMA in a field of structural engineering, superelasticity phenomenon is particularly interesting and it is one of the main issues of the material models, used for numerical analysis of structures with SMA applied.
The article presents some of the possible applications of devices that incorporate SMA in the field of civil engineering. The further presented constitutive model of SMA, that includes phenomenon of internal loops was introduced by Wasilewski and Zbiciak [4] . The implementation of the presented model is shown on the basic examples of a three dimensional finite element subjected to dynamic excitation.
SMA IN STRUCTURAL ENGINEERING
The application of SMA in structural engineering primarily makes use of two key features of the SMA -superelasticity and energy dissipation through hysteretic behaviour. Those factors could be successfully used for mitigation of consequences of natural hazardous events, such as earthquakes.
The selected examples of possible application of SMA for structural purposes are presented below.
Widely used engineering solution for a prevention of structural and nonstructural damage as a results of earthquakes are braced frames. One of the conventional solutions is application of steel elements in diagonal orientation that embrace the structure of a frame against horizontal actions. Along superelasticity, the phenomenon of energy dissipation through hysteretic behaviour makes application of SMA based devices successful in such structures. The different configuration of SMA braces were designed and analysed in recent years [5] [6] [7] . The basic examples of braced frame structures are given in Fig. 1 . Fig. 1 Schematic representation of possible applications of SMA for frame bracing [5] [6] [7] .
Researches [2, 6, 7] show that application of SMA in structural bracing reduced structural damage during the earthquakes. It would effect in 42% business downtime reduction necessary for full recovery of a building in comparison with conventional steel braces, moving most of the repairs to nonstructural elements of the building [2] .
Another solution for mitigation of seismic actions effects that could be improved with SMA are base isolation systems. The main concept of a base isolation devices is an isolation between the base of a structure and the ground that allows the structure to slide in the certain range [5] . The several researches (e.g. [8] [9] [10] ) present many types of possible applications of SMA in base isolation devices, usually together with rubber bearing. An examples is given in Fig. 2 . Fig. 2 Examples of SMA-rubber base isolators [9, 10] .
The unique characteristics of SMA assure satisfactory performance in such application. First, superelasticity, which results in self-centering force, which brings the structure to the initial configuration when the seismic action is over. Secondly, the high stiffness for small displacements prevents from the movement of a structure caused by nonessential, from the point of base isolation, forces. Finally, the good energy dissipation of SMA results in reduction of accelerations and displacements during an earthquake [5] . The researches [8, 10] proof that the performance of SMArubber base isolators is better in comparison to conventional devices. The main disadvantage is a price of the material and installation specially in existing buildings [2] .
The application of SMA based devices is particularly promising for seismic retrofitting of architectural heritage. Properties of SMA results in reduction of a force transferred during moderate and strong earthquakes to the structure by embedded ties. Lower stiffness under higher horizontal actions, which appear during strong earthquakes, allows for "controlled displacements". This phenomenon permit the structure to dissipate part of the energy through microcracking instead of dangerous macrocracking [11] . The device that include a pre-tensioned SMA wires was developed in a frame of ISTECH project and later applied in several historical structures [12, 13] . The SMA device could be used to prevent large deformations of slender structures, like in bell tower of San Giorgio church in Trignano [14] . Another possibility for improvement of historical masonry is out-of-plane collapse of facades. The examples of filed applications of SMA devices can be found in the Basilica of San Francisco in Assisi and the Cathedral of San Feliciano in Foligno [15] . In such case the ties with SMA devices are joining the facade with lateral walls usually by additional structure, for example, reinforced concrete rib. The schemes of the SMA devices arrangement in both kinds of application is given in the Fig. 3 . Fig. 3 Schemes of the SMA devises arrangement for retrofitting of (a) slender structures [14] and (b) out-ofplane collapse of facades [15] .
SMA applications are not only related to the mitigation of seismic hazards results. The other one could be an improvement of fatigue resilience of stay cables of bridges, studied by Torra et al. [16] and Dieng et al. [17] . Structural cables due to the large flexibility, relatively small mass and low damping properties are particularly subjected to the vibrations. A passive damping devices with SMA could significantly reduce fatigue effects due to reduction of vibration amplitude and stress cycles in stay cables. The scheme of elements arrangement in such application is given in Fig. 4 . The performance of other possible application of SMA devices for bridge engineering was studied by Zbiciak et al. [18] . The ability of recovering the initial shape (shape memory) of the SMA could be also used as external post-tensioning system of existing structures. A field example of rehabilitation of cracked reinforced concrete bridge in Michigan is given by Soroushian et al. [19] . The bridge suffered because of insufficient shear resistance which resulted in appearance of cracks. Due to the shape memory effect the post-tensioning could have been applied without any additional tensioning device. The preelongated SMA bars were anchored to the reinforced concreate girder (Fig. 4) and heated by electric current. The force generated by restoring the initial shape of SMA bars was transferred to the structure resulting in closing of the cracks.
NEW CONSTITUTIVE MODEL OF SMA

THE INTERNAL LOOPS PHENOMENON
The presence of internal loops, also called subloops, is a significant characteristic of some of the SMA (e.g. [20] [21] [22] ). The schematic graph of such loop is given in the Fig. 5 . In comparison to external loop OA1M1M2A2O, the exemplary internal loop is given OA1BCDEFGHA2O. This kind of phenomenon is a result of the change of parent phase of SMA, at the point A1, into martensite phase at the point M1. In case of not complete phase transformation, at the point B, during the unloading (BCD), the reverse transformation occurs, starting at the point C etc. The constitutive models, which take into consideration the phenomenon of internal loops formation, are presented in the literature [23] . The aim of this article is a proposal of new method of formulation of physical relations of SMA material based on special rheological structure, which includes modified Kepes's model [24] . This new rheological element, introduced as dual-phase plasticity body, will be presented in the context of martensite phase transformation. The characteristic feature of presented rheological elements is substitution of the classical rigid perfectly plastic element (Saint-Venant) with the mentioned dual-phase plastic element. We assume the non-linear effects to be presented only in deviatoric subspaces of stresses and strains. Presented methodology allows to formulate the constitutive relationships of SMA as a set of explicit differential equations.
RHEOLOGICAL MATERIAL MODEL WITH DUAL-PHASE PLASTICITY
At first, the hypothetical graph of the strain (εp) versus time (t) for the mentioned plastic body should be considered (Fig. 6) . The graph could be divided into sections: [0,t1), [t1,t2), [t2,t3), and [t3,t4), in which a function to be considered is characterized as non-decreasing or non-increasing. The function is non-decreasing in sections [0,t1), [t2,t3) and non-increasing in sections, [t1,t2), [t3,t4).
After comparison of graphs in Fig. 5 and Fig. 6 the following conclusions could be formulated:
while the strains increases the transformation of parent phase (austenite) into martensite occurs;
while the strain decreases the reverse transformation occurs. where km is value of yield strength of the martensite phase ( 1) [ . In Fig. 5 , the value of km is specified by the section M1M2.
The base for the determination of the yield strength value is a function which describes the evolution of the strain norm of the dual-phase plastic body ||εp|| and the following rules:
The graph of the function that defines the norm of the strain could be divided into sections of time, in which the strain norm is not decreasing or not increasing, as it is shown in the Fig. 7 ;
in each specified time section the yield strength changes from the value of 0 to the value which is proportional to the change of strain norm in the same time section. Fig. 7 The graphs of the strain norm ||εp|| (a) and yield strength kp (b) (κ -proportionality ratio). The mathematical description of one-dimensional relations of the dual-phase plastic body is defined by following relations: 
MATHEMATICAL DESCRIPTION OF SMA WITH INTERNAL LOOPS
The previously described model of dual-phase plastic body will be used for the formulation of rheological model that represents behaviour of SMAs including the internal hysteresis loops. Let us consider a structure given in Fig. 11 . The model represents deviatoric subspace of strains and stresses.
The model is composed of three elements. The upper spring symbolises elastic properties of the SMA described by the Hooke's law. Double-phase plastic element is correlated with deviatoric stresses spl.
The last element possessing the state of stresses spe represents, so called, pseudo-elastic body [24] . The complete set of constitutive equations defining the SMA with internal loops is as follows 
The SMA constitutive model, presented in this article, demonstrate a strengthening after reaching the limit stresses of the parent phase (segment A1M1 in Fig. 12 ). As a consequence the segment A1M2, which determines a beginning of the reverse transformation (martensite to austenite) is horizontal. In order to obtain the effect as shown in Fig. 5 the rheological scheme has to be modified by the introduction of a spring with a negative stiffness, marked with an arrow in Fig. 13 . If the absolute value of the spring stiffness will be equal to the stiffness of the dual-phase plastic body (Fig. 13,   1  E ), the segment A1M1 will be horizontal. Fig. 13 Rheological scheme of SMA with a spring with negative stiffness and its hysteretic loop with material parameter given.
NUMERICAL IMPLEMENTATION
In order to perform numerical simulation of SMA models, the mechanical characteristics of elements of the rheological model had to be identified. There were obtained based on the results of experiments presented in the literature (e.g. [20, 22, 26] ). The phenomenon of internal loops exposed in the experiments of Savi and Pavia [20] or Peultier et al. [22] depends strictly on the loading procedure therefore it cannot be considered as a constitutive characteristic. However, the external loop is a constant feature that derives directly from the mechanical characteristic of SMA and it is independent of load course. The idealization of experimental results and identification of main mechanical characteristic is given in Fig. 14 . Analysis of the idealized graph allows to identify the mechanical parameters of elements of the rheological model. Based on the code within VUMAT subroutine a simulation was performed on a single 8-node element C3D8 [27] under the pure shear load. The kinematic excitation was applied to the nodes at the top of the element, in the x-axis direction in accordance to time course give in Fig. 15 . Fig. 15 Time course of the kinematic excitation applied to the finite element in the x-axis direction.
The mechanical parameters of rheological model used for the simulation are given in the Table 1 .
Test were performed for two values of 1 E and 0 E . Results are given as a hysteresis loops (shear components of stress's and strain's states) in Fig. 16 and Fig. 17 . 
CONCLUSION
The presented model is a continuation of rheological schemes approach to SMA modelling of Grzesikiewicz and Zbiciak [24, [28] [29] [30] . The further works on the model will be devoted to the structural analysis of possible applications, especially analysis of influence of internal loops on the damping effect of SMA.
One of the main aspects of further SMA applications is development of robust computational models of SMA behaviours [1] . Authors believe that the presented model has a potential to contribute in the future SMA development.
LIST OF FIGURES AND TABLES:
Fig. 1 Schematic representation of possible applications of SMA for frame bracing [5] [6] [7] .
Rys. 1 Schematy zastosowania SMA jako ściągi w ramach [5] [6] [7] . Fig. 2 Examples of SMA-rubber base isolators [9, 10] .
Rys. 2 Przykłady izolatorów sejsmicznych z wykorzystaniem gumy i SMA [9, 10] . Fig. 3 Schemes of the SMA devises arrangement for retrofitting of (a) slender structures [14] and (b) out-ofplane collapse of facades [15] .
Rys. 3 Schematy zastosowania urządzeń zawierających SMA do (a) wzmacniania smukłych konstrukcji [14] oraz (b) zabezpieczenia fasady przed przewróceniem się fasady w kierunku prostopadłym do jej płaszczyzny [15] . Rys. 4 Przykłady zastosowania SMA jako: (a) tłumika cięgien w moście podwieszonym [16] oraz (b) zewnętrznego sprężenia [5] . Rys. 5 Pętle histerezy stopu SMA w stałej temperaturze. Fig. 6 The graph of strain versus time.
Rys. 6 Wykres odkształcenia w czasie. Fig. 7 The graphs of the strain norm ||εp|| (a) and yield strength kp (b) (κ -proportionality ratio).
Rys. 7 Przebiegi normy odkształcenia ||εp|| (a) oraz granicy plastyczności kp (b) (κ -współczynnik proporcjonalności). Rys. 8 Pętla histerezy ciała z dwufazową plastycznością, ustalona na podstawie Rys. 7. Fig. 9 Graphs of the function f and the set f T .
Rys. 9 Wykresy funkcji f oraz transformaty f T . Fig. 10 Graphical symbol of dual-phase plastic body.
Rys. 10 Symbol graficzny dwufazowego ciała plastycznego. Rys. 12 Pętla histerezy struktury pokazanej na Rys. 11. Rys. 14 Wyidealizowany wykres pętli zewnętrznej materiału SMA. Fig. 15 Time course of the kinematic excitation applied to the finite element in the x-axis direction.
Rys. 15 Przebieg czasowy przemieszczenia w kierunku osi x, przyłożonego do górnych węzłów elementu (wymuszenie kinematyczne). 
STRESZCZENIE:
Artykuł przedstawia model konstytutywny stopów z pamięcią kształtu (ang. Shape Memory Alloy -SMA) wraz z wynikami przeprowadzonej analizy dynamicznej. Zastosowanie urządzeń wykorzystujących SMA w dziedzinie inżynierii lądowej skupia się głównie na ograniczeniu skutków odziaływań sejsmicznych w nowo powstających oraz istniejących budynkach, w tym w obiektach historycznych. Odrębnym zagadnieniem, w którym także wykorzystywane są urządzenia z SMA, jest poprawienie trwałości zmęczeniowej elementów konstrukcyjnych. W artykule przedstawiono wybrane możliwości zastosowania urządzeń z SMA w budownictwie. Wykorzystanie SMA do powyższych celów jest możliwe dzięki ich wyjątkowym właściwościom -efektowi pamięci kształtu oraz pseudosprężystości.
Prezentowany model konstytutywny uwzględnia także dodatkową właściwość SMA jaką są wewnętrzne pętle histerezy.
W artykule przedstawiono metodę formułowania zależności fizycznych SMA na specjalnych strukturach reologicznych wykorzystujących zmodyfikowany model Kepesa (tzw. ciało z dwufazową plastycznością). Definicję tego elementu reologicznego przedstawiono na tle makroskopowego opisu przemian fazowych zachodzących w SMA. Jedną z zalet prezentowanego w artykule podejścia do formułowania zależności fizycznych jest uzyskanie zależności konstytutywnych w postaci jawnych równań różniczkowych. Zastosowanie prezentowanego modelu zostało przedstawione na przykładzie analizy dynamicznej trójwymiarowego elementu skończonego poddanego dynamicznemu wymuszeniu.
